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ABSTRACT

A shallow water, nonlinear spectral wave transformation

model is developed for conditions of a mild sloping bottom

(\i = Vh/kh < 1) (and small amplitude effects (e = t|/h < 1) .

Nonlinearities and combined shoaling and refraction effects

act on the same time and length scales. The evolution

equation of the wave action is prescribed by the wave

Boltzmann equation, whereby resonant collinear triad

interactions transfer energy among Fourier components.

Combined shoaling and refraction effects are taken into

account through the geometrical optics approximation. A

numerical solution of the three wave collision integral is

developed, and the steady state wave Boltzmann equation is

integrated using a piecewise ray method. The model is tested

using the high resolution frequency-directional wave spectrum

of Freilich, Guza and Elgar (1990) that shows nonlinear

transfers of energy between both harmonic and non-harmonic

frequencies. A digitized version of the measured frequency-

directional spectrum at 10 meter depth is evolved 24 6 meter

shoreward over a bathymetry of straight and parallel bottom

contours to 4 meter depth. The model predicts the prominent

spectral features in the measured wave field. The model

results are in general superior to estimates using linear,

finite depth wave theory, and they compare well with the

iv



observations in the region of the spectrum dominated by

nonlinear effects.
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I . INTRODUCTION

Directional wave spectra give a complete description of

the frequency and directional spreading of the ocean wave

field. As surface gravity waves propagate shoreward in

shoaling waters, linear and nonlinear processes act

simultaneously to transform substantially their frequency and

directional characteristics. The objective of this study is

to derive a model for the spatial evolution of frequency-

directional wave spectra in shallow water, accounting for

nonlinear three-wave resonant interactions and combined

shoaling and refraction effects. Unlike previous studies,

energy transfers across the spectrum by triad resonant

interactions are considered within a collision integral

formulation. A numerical solution for the model equations is

developed and the operational validity of the model is tested.

The changing bottom topography causes refraction and

shoaling, that result in spatial variations in the amplitudes

and directions of the wave field. Linear refraction theory has

been extensively used to estimate the evolution of a shoaling

wave field (Longuet-Higgins, 1957; Collins, 1972; LeMehaute

and Wang, 1982; Pawka et al . , 1984; Izumiya and Horikawa,

1987) , with reasonable success in predicting the directional

characteristics of the waves in shallow water. However, ocean

surface gravity waves are essentially nonlinear, and the



evolution of ocean wave spectra in shallow water is determined

to a considerable extent by the energy flux between spectral

wave components, as shown by the observations of Freilich,

Guza and Elgar (1990) . In the shallow water regime three wave

resonant interactions are possible. These nonlinearities, of

lower order than the four wave processes, dominate the flux of

energy across the spectrum. The consequences of the transfer

of energy associated with resonant wave interactions are not

only distortions of the frequency spectrum, but also

alterations of the directional spreading of energy.

Considerable progress has been made in the last decade in

the development of models based on nonlinear theories.

Boussinesq equations have been used to establish evolution

equations for the amplitudes and phases of waves propagating

in one dimension over slowly varying topography, under the

effects of harmonic generation (Freilich and Guza, 1984)

.

Within the parabolic approximation method (Radder, 1979) , the

Boussinesq equations led to single harmonic models that,

besides the harmonic generation, include refractive and

diffractive effects (Liu, Yoon and Kirby, 1985)

.

Alternatively, the radiative transfer equation was used to

predict the evolution of directional wave spectra, by either

including deep water four wave interaction processes (Young,

1988; Weber, 1988), or parametric finite depth extensions of

the deep water formulations (WAMDI group, 1988)

.



The model equations are derived in Chapter II. The

nonlinear three wave resonant interactions and combined

shoaling and refraction effects are considered separately.

Starting with the evolution equations for random surface

gravity waves in shallow water, a three wave collision

integral is derived. Energy redistribution is obtained by

collinear resonant interactions. Combined shoaling and

refraction effects are considered through the application of

the geometrical optics approximation, and the linear evolution

equation for the wave action is formally derived.

Nonlinearities and linear shoaling and refraction effects are

combined, in the form of a wave Boltzmann equation that

constitutes the basic model equation. Because of validity

conditions of the three wave collision integral, interactions

are restricted to waves satisfying the shallow water wave

criterion, but transfer of energy is allowed to spectral

components beyond the shallow water regime.

Chapter III considers the solution for the model

equations. The numerical solution of the three wave collision

integral is based on a linear discretization formulation. The

propagation of the spectral energy adopts a piecewise ray

method to integrate the wave Boltzmann equation.

Chapter IV contains the model simulations with application

to a synthetic data set representing observations at Torrey

Pines Beach, California, by Freilich, et al. (1990) . The

model results are presented.



Conclusions and recommendations for future research

constitute Chapter V. In the appendices, the conceptual

application of the model to an arbitrary bottom topography is

developed (Appendix A) , and details of the model performance

and a sensitivity analysis are presented (Appendix B)

.



II. FORMULATION OF THE PROBLEM

A. THE ENERGY OF A SYSTEM OF SHOALING SURFACE GRAVITY WAVES

The objective is to define the energy of a system of

shoaling surface gravity waves. The problem is limited to

oscillatory motion in a depth-limited ocean. The fluid is

assumed homogeneous, incompressible and inviscid, and gravity

is taken as constant. The bottom is a rigid and impermeable

surface at z - - h(x) , where x and z are the horizontal

and vertical coordinates. The unperturbed free surface

coincides with the plane z = . The flow is assumed

potential and surface tension effects are ignored.

Let z = x] (x, t) be the dynamical free surface and

<J>(x, z, t) the hydrodynamic velocity potential, with

i|r (x, t) =
(J) (x, z, t)

\ z . n
. The fluid flow is described by

Laplace's equation

V 2 (()+-^* =0 -h{x) ± z ± r\(x,t) , (2.1)
dz 2

with the bottom boundary condition

4^+VA-V<J) = at z = -h(x) , (2.2)
dz

and the two conditions at the free surface (Zakharov, 19 68)



dt 6i|r
' (2.3a)

and

gMyr
. 6//

at 6r|
(2.3b)

where

H= |/dx/[(V(j>)^(||)
2

]dz + |/nMx , (2.4)

-A

is the total energy of the fluid, V is the two-dimensional

gradient in the (x,y) plane, and 6 denotes the functional

derivative. Equation (2.3a) is the kinematic free surface

boundary condition for Laplace's equation, while (2.3b) is the

dynamical free surface boundary condition described by

Bernoulli's integral at the free surface. Specifying the

canonical variables r\ and \|f defines the fluid flow because

the boundary value problem for Laplace's equation has a unique

solution.

For the problem of shallow water (dispersionless) , weakly

nonlinear, shoaling waves over a mild sloping bottom, the

Hamiltonian (2.4) reduces to

E = ±fdx{(h + r))(Vy)2 + gT) 2
} • (2.5)



By adding higher order dispersive terms (V 2
ij; , etc.) in

(2.5), Hamilton's eguations (2.3a) and (2.3b) yield the

Boussinesg equations in Liu et al. (1985) (their eguations

(2.3) and (2.4) ) .

The Hamiltonian (2.5) includes both the effects of weak

nonlinearity (vis the term t) (V\|j
)

2
) and the effects of a

slowly varying bottom (h = h (x)) . To systematically examine

weakly nonlinear random waves propagating over irregular

bottom topography, the amplitude effects are identified by a

small parameter e (e = r\/h) , with higher powers of e

representing higher order nonlinearities. Small variations in

topography (denoted by \i = Vh/kh) affect the properties of

the propagating waves introducing shoaling and refraction

effects. Thus, for \x = and < e < 1 (i.e., horizontal

bottom) , the evolution of a homogeneous sea of random waves is

determined by nonlinear interactions. On the other hand, the

ordering e 2 « \i < e describes the geometrical optics

evolution of infinitesimal waves propagating over arbitrary

bathymetry with the corresponding refraction effects. If both

restrictions are replaced by e , \x < 1 , the nonlinearities and

refraction terms act on the same length and time scales, and

the evolution of the wave action is prescribed by the wave

Boltzmann equation or radiative transfer equation. Although

this later scaling of the amplitude and topography effects is

more appealing, it renders nonuniformities in the asymptotics

that demand special care. Therefore, to separately examine



the consequences of nonlinear interaction and refraction the

first two orderings are adopted. The combined effects of

triad nonlinear interactions and refraction are then examined

by relaxing the ordering such that e , |i < 1 for the final

model

.

B. THE COLLISION INTEGRAL ( \i = , 0<€<1

)

A homogeneous sea of random waves in shallow water is

considered. Each wave evolves on a long time scale because of

nonlinearity. The theory of such evolution has been developed

by Benney and Saffman (1966) for the case of dispersive waves.

Newell and Aucoin (1971) , hereinafter referred as N&A, showed

that nondispersive waves in two and higher dimensions possess

a natural asymptotic closure. The general results of N&A are

applied to the problem of shallow water gravity waves, but

first the interaction coefficient must be evaluated, and some

minor differences considered. For shallow water waves, the

redistribution of energy within the spectrum is achieved by

resonant interaction between collinear triads.

In order to consider the evolution of random surface

gravity waves in shallow water, r\(x,t) and t|r (x, t) are

expressed as Fourier integrals

ti = — ffj (Jc) eig'*d£ , (2.6a)

and



i|r = -L ff (Jc) e ig-*d£ . (2.6b)
2ti j

In terms of the Fourier integral representations (2.6), the

Hamiltonian (2.5) takes the form

H = \ ${k 2 h$ k $_ k + gf\ k f\_ k)dk-^ f
k . £^^^2**^2*012 ,

(2.7)

where use was made of the shorthand notation ip
s

= ip (k^
i ) ,

dl2 . . . = diqdic^ ... , and & + 1+ ... = 8 (ic+J^+ . . . ) , with

corresponding to k . The canonical transformation to the

variables iak and ak (Zakharov, 1968) is now considered

to get

and

*1* 2W
JC

Wa^a.**) ,
(2.9)

where o^ = y/ {gh) k is the dispersion relation for

infinitesimal amplitude, shallow water gravity waves. In



terms of the variables iak
* and ak , Hamilton's equations

become

ggjc _ _ i
6H

dt 6a/
(2.10)

where

H = jwkakak*dk+fv 12 (aQ *a 1
a
2
+a a

1
*a

2
*) b _ x _ 2

d0l2, (2.11)

with

V,0, 12
iTtv^U) J

2
k,-k

2
+

<
^1^2

j

( k \-

v
Jcic2

ic.Jc
2
+

( k2 2

V**i
k.kA .

(2.12)

^0,12 ^S a symmetric function under exchange of its arguments,

and c = \/(gh) is the phase speed of the shallow water gravity

waves. Note that the Hamiltonian (2.11) includes only those

terms that contribute to the resonant transfer of energy for

the component ak . From Hamilton's equation (2.10), and

eliminating the familiar linear response by setting

ak "* ak e (2.13)

yields

10



= -i*fdl2{v0fl2 a 1 a 2 e
iw°'" t

6 _ 1 _ 2 +2Vli02 a 1 a2*e-
iw^ t

b
Q . 2 _ 1 }dt

(2.14)

In equation (2.14), the bookkeeping parameter e has been

incorporated. It labels the amplitude and serves as an

ordering parameter for the time scales and the asymptotics for

the closure problem. Also, the shorthand notation

W012 = a) -co
1
-a)

2
has been used.

The evolution equations for the spectral cumulant

hierarchy can be obtained from equation (2.14). N&A start

with the evolution of the a-correlators, and give the

arguments why the fourth order cumulants do not influence the

evolution of the second order a-correlations as t - °°
, such

as the mean wave action of the random waves. This has the

effect of introducing irreversibility into the scattering

process. Defining the wave action nk per unit mass density

by

(akak ,*) = 4n 2 nkb(K-K) , (2.15)

and using the ordering appropriate to the problem of two

dimensional dispersionless shallow water waves, gives

11



dnk _

dt
= J^ k2

\{
da

^
(l

^
1 ~ a ^

2

{
n^k n (l-a )k- nk nak- nk n(l-a ) k}

h 2

+ 2fdY[y(l+y)] 2 {nyk n(1 . y}k + nk n (1 . y)k -nk nyk }
(2.16)

where nk changes according to the slow time scale

T = (2/3)z 2(c/hy t~2 .

According to equation (2.16), energy redistributes by

collinear resonant interaction of waves. The most interesting

feature at this time scale is that no angular (in k space)

transfer of energy occurs. Randomization in angle can be

brought about only by slower collision processes (of higher

order in e ) , whereby redistribution occurs by a local

transfer between adjacent rays. However, when the energy

transfer has reached those wavelengths for which the shallow

water limit no longer applies, then further redistribution can

take place by resonance of four waves over a much longer time.

This mechanism can also lead to angle spreading of the

spectrum. Energy then accumulates at certain scales. While

not formally addressing this transition scale, energy

transfers are allowed only for those wavelengths consistent

with the shallow water approximation. Further comments about

this point are made in Chapter IV.

12



C. SHOALING AND REFRACTION OF SHALLOW WATER WAVES: THE
GEOMETRICAL-OPTICS APPROXIMATION ( e

2<|i<:e )

In the geometrical optics approximation, waves propagate

along the rays defined by Fermat • s principle. At each point

on the surface, the propagation velocity of the waves is

defined as that corresponding to flat bottom conditions with

the local depth. The variation of the amplitude of the waves

along a ray is determined using the principle of conservation

of wave action. The purpose of this section is to obtain the

evolution equation for the wave action of a sea of random

waves

.

The main difficulty in the analysis is that, if r\ and \|r

are divided at t = into Fourier modes, the wavenumber and

frequency of each wave packet will change secularly as it

traverses the fluid surface. A clear procedure to overcoming

this obstacle has been presented by Soward (1975) . At time

t = a particular realization of the system is

r\ - ^f(l(& !X,0)e iZ m

*d£ , (2.17)

and similarly for t|r . The explicit dependence on x

emphasizes the fact that (2.17) provides a local decomposition

of the canonical variables. The individual wave trains

r\(k ;x, t)e
J °" diT , comprising (2.17) evolve at time t

into

13



r\(£}X, t)e ie^'*' fc )dic ,
(2.18)

where

£(£ ;x, t) = V6 (2.19)

and

u(k~ ;x, t) = --|| , (2.20)

and the infinitesimal dk: is fixed. Also ic*(Jc ; x, 0) = Jcj, .

A local canonical transformation (2.8) yields the Hamiltonian

H = fu kak ak*d£ + 0(e 2
\i) . (2.21)

From Hamilton's equation to lowest order in e|i , the

evolution for the correlator (ak a k + Ky = v(Jc, ic+ic) can be

obtained,

-^ + i( Wit - G)^) v(ic, £+*) = . (2.22)

Because of the changing bottom topography, v is nondiagonal

in the wave vectors with the typical scale of spatial

nonuniformity, 2n/x . For \i < 1 , slowly changing bottom

topography, the condition k < k is satisfied. Expanding up

14



to first order in k and making use of the half Fourier

transform

n k(x,t) = o(£,x, t)fvlk-± , £+-±\e ik~-*dii , (2.23)

equation (2.22) gives

dn± doo,. dn h
-4 = . (2.24)

dt dk dx

Because of the inconvenience of having to refer back

repeatedly to the initial instant t = and to ie space,

(2.23) is written with the weighting factor

o(ic, x, t) = ^l 1'^
, (2.25)

d(klt k2 )

corresponding to the Jacobian of the transformation. Thus,

whereas the half Fourier integral of v refers to the wave

train, the wave action refers to a unit volume in k space.

Equation (2.24) shows that the wave action nk is constant at

points moving with the group velocity. The final step is to

transform from the independent variables (Jc* , x, t) to

(k, x , t) , yielding

dnk dv k dnk d<*) k dn k

dt dk dx dx dk
4=0. (2.26)

15



It should be noted that the result (2.26) is of great

generality. It was obtained from the linear wave field

Hamiltonian without further reference to the dispersion

relation. Indeed, any linear wave field has a local

Hamiltonian of the form given in (2.21). Thus, while the

results of the previous section can be applied only to

nonlinear dispersionless shallow water waves, (2.26) is

applicable to linear shoaling waves of arbitrary depth in

particular, and to any linear wave field in a slowly varying

background in general

.

D. THE MODEL: COMBINED EFFECTS OF REFRACTION AND TRIAD
NONLINEAR INTERACTIONS ( € , \L < 1

)

When the restrictions made in the previous two sections,

\i = , and < e < 1 for the collision integral and

e
2 < \x < e for the geometrical optics approximation, are

replaced by e , \i « 1 , the nonlinearities add collision terms

to equation (2.26) that may be formally as large (or larger)

than the streaming terms shown. Therefore, (2.26) is replaced

by the wave Boltzmann equation

dn k do k dn k du k dn k _„ mwm%

d t dk dx dx dk x
'

where I{n k} i-s "^ne collision integral defined by the right

hand side of equation (2.16). Equation (2.27) is a statement

of the conservation of the total energy of the system.

16



Conventional practice considers the directional frequency

spectrum S(f,<p) (measured in cm 2 / Hz / deg ) rather than the

directional wavenumber spectrum. The wave action per unit

mass density nk is related to the directional frequency

spectrum S(f,<p) by

n(£, x, t) = -^ g-S(f, tp,x, t) ,

2 71 0)
2

(2.28)

where c and cg are the phase and group speeds

respectively. In steady state, (2.27) and (2.28) yield

d(ccaS)

-hi = IiS) (2.29)

where

2 1

? 2 ir
4 a * -

I{S) = ±-JL-9—f 2
1/da[a(l-a)J~>{SafS(1 _ a)f -(l-a)

2 SfS(1 _ a)f }

2/dY[Y(ln)]" l
(5YfS(ltr)f + y

2 5 f S(1+Y)f -(l +Y )

2 Sf Sy/ )

(2.30)

and the parameter 1 is related to the ray's path by

dx
dl

= t (2.31)

17



and

d<a - 1 3c
dj

= -p '~
c ss < 2 - 32 >

where t and p are unit vectors tangent and perpendicular

to the ray.

Equations (2.29) to (2.32) constitute a model for weakly

nonlinear shoaling surface gravity waves in shallow water.

The left hand side of equation (2.29) is valid for waves of

arbitrary depth, while the right hand side applies only to the

dispersionless shallow water waves. Thus, for those

frequencies that satisfy the shallow water wave criterion,

nonlinear energy transfer as well as restitution of energy

will be considered. On the other hand, while allowing energy

transfer to higher frequencies, the restitution will be set

equal to zero for waves beyond the shallow water regime.

Those waves will therefore be considered bounded waves.

18



III. SOLUTION OF THE MODEL EQUATIONS

A. COLLISION INTEGRAL

The numerical solution of the collision integral (2.30)

utilizes a linear discretization. The intent is thus to

discretize frequency and spectral energy density at the values

f = f , 2f , ... , Nf , where f is the frequency resolution.

For practical applications, the frequency range is bounded

both above and below. In fact, ray theory does not account

for reflection of wave energy, and the present formulation

that allows transfer of energy by resonant three-wave

interactions is valid only for frequencies within the shallow

water approximation. The spectral energy density is thus

neglected for frequencies outside a defined range. Details of

the working frequency range will be discussed in Chapter IV.

In order to avoid interpolation of the spectral energy

density in solving (2.30) it must be required that both a

and y conform to the relation (a,y) xf = (integer = i) xf .

This condition, together with the form of the discretization,

1 2determines the values a = 0, —7 , — , ... , 1 and
i l

Y = 0, — , —r , ... ,
—

—

t——$ where Nf is the highest frequency

for which the transfer of spectral energy density is

calculated. Applying the trapezoidal rule in composite form

19



Jt-1

(fix) dx«y)Axf(j)+| [f (a) + f(b) ] , (3.1)

where j = and j=Jc correspond to the limits of integration

a and b, , and bx is the sampling interval, the discretized

form of the collision integral (2.30) becomes

Mj +i^sJ +^l^jCi-j^

(3.2)

The derivation of the discretized form (3.2) makes use of the

concept of a limited working frequency range, not considering

the computation of the collision integral at the endpoints

( a and b in (3.1)), and not taking into account restitutions

from frequencies above Nf
Q

.

The requirement of a limited range for the collisions and

restitutions processes is imposed on (3.2) by restricting the

possible values of the indexes of the spectral energy density

terms. Designating the upper limit of the range of

interactions by 1,,^/ the conditions for each of the product

terms inside the summations in (3.2) are:
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i) Restitutions

ii) Collisions

SiSj -(ij)^,
5i5i .j

=> (i-j) £ Imax ,

5
J
-5

i _ J
. - (j, i-j) s J^ .

B. SPATIAL PROPAGATION OF WAVE SPECTRAL ENERGY

The transformation of wave spectra under the combined

effects of shoaling, refraction and triad interactions can be

evaluated through the integration of the Boltzmann equation

(2.29) along the rays defined by the refraction and shoaling

laws (2.31) and (2.32). To solve numerically the integrated

form of the steady state Boltzmann equation

ccgS = co cgO S +fl{S)dl , (3.3)

a piecewise ray method (Sobey and Young, 1986) is adopted.

This approach considers a grid of points across the domain of

integration and computes all the rays reaching each of the

nodes. The propagation is done in steps along the domain. In

this way the rays are not decoupled, contrary to full ray

methods (Collins, 1972) . The full spectrum is always

available at each grid point, and it is thus possible to
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couple spectral components through mechanisms like triad

interactions.

The propagation process consists of the computation of the

ray path, the integration of the collision term along the ray

and the evaluation of the transformed spectral energy

distribution at the new position. The type of bathymetry

under consideration greatly influences the details of the

method.

1. The Ray Path

To compute the ray parameters, direction, arc length

and extreme points, a cartesian coordinate system is

considered. The x axis, perpendicular to the coastline,

defines the origin for the directions of the incoming waves

(Figure (3.1)).

A finite difference form of the shoaling and

refraction laws (2.31) and (2.32) is

xk*i =
-Xjc + AI cosq> ,

(3.4a)

yjt +1 = y^+Aisincp ,
(3.4b)

and

<P* + i = <P* +ln[-^li [tancp-cot<p] . (3.4c)
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The subscripts k and k+1 designate the extreme points of

the ray, A J is the arc length, and q> is the average

direction of the ray (Figure (3.2)). The set of equations

(3.4) is taken as the basis for an iterative procedure for the

computation of the ray parameters.

The initial conditions are the coordinates of the

starting point of the ray ( k ) , the direction of the incoming

waves at this point, and the abscissa of the target point

( k+1 ). The computation of the ray parameters begins by

solving (3.4) with q> given by the direction of the ray at k

The iterations proceed by considering

? . «W>*
. (3.5)

The process is stopped when the difference between two

consecutive iterations is less than a specified small value.

For applications considering triad interactions, the stopping

criterion is defined in accordance with the one adopted for

the collinearity of the interacting components, and is always

two orders of magnitude smaller than the latter.

Comparisons of the iterative method just presented

with Dobson's (1967) method, for a bathymetry of straight and

parallel bottom contours, consistently gives better agreement

with the analytic solution (Snell's law). Also the

propagation step of Dobson's method, defined in terms of arc
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length, does not correspond to a defined discretization of the

spatial domain as is the case with the present method. It

should be noted that singularities exist in the solution of

(3.4c) for waves at and ±90 degrees. This is not a

limitation of the method because a local rearrangement of the

coordinate system can overcome this apparent difficulty.

2. The Integration of the Collision Term

The spatial integration of the collision integral in

(3.3) has to account formally for the dependence on the

integration path on both the depth and the spectral energy

density. The integration of the spatial densities requires

the reordering of terms in the discrete approximation of the

collision integral (3.2). In order to avoid such

difficulties, the spectral energy density is assumed constant

for a full integration step of the collision integral, the

value adopted being that at the last predicted level (Young,

1988; WAMDI group, 1988). Within this approximation, the

discrete form of the integrated radiative transfer equation is

fl{s)dl - 2^^g^ f^[Ja&y]^(h^ +hk^'H .
(3 * 6)

where
f
Jcc&y represents the terms inside the braces in (3.2) ,

and the depth subscripts correspond to the initial and final

positions in the propagation step. The estimation of the
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error introduced in the solution by the assumption of a

constant value for the spectral energy density will be

considered in Appendix B. It should be noted that the

propagation step must be sufficiently small to ensure the

collinearity of the spectral component. Thus the error

introduced is not expected to be significant.

3 . Straight and Parallel Bottom Contours

Bathymetry with straight and parallel bottom contours

greatly simplifies the application of a piecewise ray method.

For propagation one only needs to consider a discretization

line connecting the starting position to the target point

(Figure (3.3)). Also, the depth along the propagation path is

obtained by linear interpolation. For these bathymetric

conditions, the proposed method of computing the ray path is

advantageous. Unlike existing methods, there is no need for

a backward propagation cycle, and only the directions of the

rays at the target position need to be stored.

4. Arbitrary Bottom Topography

Two-dimensional bottom topography greatly complicates

practical applications of the model. A full grid of points

must be implemented, and interpolating both bathymetry and

spectral density are required. Backward computation of the

ray parameters becomes necessary. However, simplifications

are possible. For instance, the domain of integration may be

restricted to only positions that are possible origins for

rays reaching a given target position. The possible
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application of the model developed in Chapter II to an

arbitrary bottom topography is demonstrated in Appendix A.

The integrated form of the Boltzmann equation (3.3),

together with equations (3.4) and (3.6), constitutes the

solution of the model formulated in Chapter II, that will be

used in the simulations (Chapter IV) . The applications will

be restricted to a bathymetry having straight and parallel

depth contours.
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Figure 3.1 The Coordinate System. Directions are Referred
to the Beach Normal Which is Made Coincident with
the x-axis.
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Figure 3 .

2

Ray Path. The Coordinates of the Initial (k) and
of the Target Point (k+1) Together with the
Directions ( cp ) at Those Two Points Define the Ray
Path. The Average Direction of the Ray Between
the_ Initial and Target Points is Represented
by q> .
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a.
E
A.
C
a

k+2

Figure 3 .

3

The Piecewise Ray Method for a Bathymetry of
Straight and Parallel Bottom Contours is Done by
Considering Only the Line Connecting the Initial
to the Target Point.
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IV. MODEL SIMULATIONS

A. INTRODUCTION

To test the wave spectral transformation model formulated

in Chapter II (hereinafter WST model) , high resolution

frequency-directional spectra are required. The need for high

resolution in the input data set is a direct consequence of

the nonlinear effects under consideration—resonant three-wave

interactions. Combined low frequency and directional

resolution in the initial conditions can distort the simulated

evolution of wave spectra by artificially introducing

amplitude dispersion effects. The only known data set with

adequate resolution for testing the performance of the WST

model is that of Freilich, et al. (1990) (hereinafter FGE90)

.

The FGE90 published data were digitized for use here. The

resulting synthetic data set has limitations associated both

with the limited extent of the information available, the

errors inherent to a digitizing process and the numerical

interpolation. Within such conditions, any quantitative

evaluation of the model performance has questionable formal

validity and one must be cautious of conclusions drawn.

However, qualitative evaluation of the potential of the WST

model is possible.
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In the following development the bicoherence spectrum will

be frequently referred as a measure of nonlinearities in the

wave field and is briefly reviewed here for the reader.

Bispectral analysis was introduced by Hasselman, et al. (1963)

and has been used to study nonlinearities in a wide range of

phenomena (Elgar and Guza, 1985 and references therein) . The

important estimator for discretely sampled data sets is the

bispectrum (Haubrich, 1965; Kim and Powers, 1979),

B(<x> k , Wj) = E[Aak , Aaj , A* Wjc+Uj ] where Aw are the complex

Fourier coefficients of the series representation of a

stationary random process and E[ ] is the average operator.

The bispectrum is zero for independent modes (random phases

relationship in a linear wave field) . The bispectrum is

generally represented in terms of its normalized phase and

magnitude, this last being the bicoherence defined by Kim and

Powers (1979) as

1-3 / v
|.B (co, , co 2 )

|

2

For a three-wave process, Kim and Powers (1979) showed that

the bicoherence (4.1) corresponds to the fraction of power at

frequency cOj + cOj due to quadratic coupling of the modes

co
i , co a and u>

i
+ (ji

j
. This simple interpretation does not

apply to broad band processes (e.g., ocean wave spectrum)
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because a particular mode is simultaneously involved in many

interactions (McComas and Briscoe, 1980) ; however, the

bicoherence still indicates the degree of relative coupling

between triads of waves. For the broad band case zero

bicoherence ( b = ) corresponds to a random phase

relationship (linear wave field) and unitary bicoherence

( b = 1 ) to a maximum amount of coupling (Elgar and Guza,

1985)

.

In the following sections the observations of FGE90 and

the synthetic data set are presented. Computational

parameters are discussed and their implications for the model

studied. An analysis of both linear and nonlinear simulations

of the evolution of FGE90 observations concludes this chapter.

B. THE DATA

1. The Observations

FGE90 observations are presented in Figures (4.1) to

(4.3) for frequency-directional spectra, directional spectra

(seven selected frequencies) and frequency spectra. The

observations are for a five hour period on 10 September 1980

at Torrey Pines Beach, California. Extensive detail of the

observational conditions and experiment site are given in

Freilich and Guza (1984).

The frequency-directional spectra were obtained using

two alongshore linear arrays of six sensors (bottom mounted

pressure sensors at 10.3 meter depth and wave staffs at 4.1
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Figure 4.1 Measured Frequency Directional Wave Spectra at 10
Meter Depth (a) and 4 Meter Depth (b) . At Each
Frequency the Area Under the Curve is
Proportional to the Spectral Energy Density at
That Frequency. Nonlinearities for Waves Due
North (Negative Directions) Result Mostly from
Couplings of Harmonic Frequencies (.06, .12 Hz),
While for Incoming Waves from the South,
Interactions Between Non-harmonic Frequencies
(.06, .10 Hz) are Dominant. (Adapted from
FGE90.)
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Meter Depth (Solid Line) , and Linearly Predicted
Directional Wave Spectra at 4 Meter Depth (Dashed
Line) Using for Input the 10 Meter Depth Observed
Frequency Directional Wave Spectra. Nonlinearly
Generated Peaks of Energy are Evident at
Frequency Bands . 12 and .14 Hz . (Adapted from
FGE90.)
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Figure 4 . 3 Directional Wave Spectra of Three Selected
Frequency Bands (e) , (f) and (g) . The Frequency
Directional Spectra of Sea Surface Elevation is
Given in (h) . Shown are Observations at 10 Meter
Depth (Dash-dot Line) and 4 Meter Depth (Solid
Line) , and the Linearly Predicted Spectra at 4

Meter Depth (Dash Line) Using for Input the
Observed Frequency Directional Spectra at 10
Meter Depth. Nonlinearly Generated Peaks of
Energy are Evident in the Directional Wave
Spectra of .16 and .18 Hz, and in the Frequency
Spectra Increased Energy Centered at .12 and .18
Hz can be Noticed. (Adapted from FGE90.)
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meter depth) . The distance between the two arrays of sensors

was 246 meters. The aliasing frequency, corresponding to the

spatial resolution of the arrays, was 0.2 Hz. The directional

resolution obtained for estimates of frequency-directional

wave spectra depends on the estimation method used. When

using maximum likelihood estimation techniques, the resolution

obtained was about 8 degrees for wave trains at a frequency of

.067 Hz (FGE90) . Iterative maximum likelihood techniques

(Pawka, 1982 and 1983; Oltman-Shay and Guza, 1984) used in

FGE90 allowed for significant increase of the directional

resolution. Although not stated in FGE90, the directional

spectra of the seven selected frequencies presented suggests

a final resolution of 0.5 degrees. It is noted that the

iterative maximum likelihood estimator does converge upon a

possible true spectrum. Confidence bounds for the resulting

estimation are not known. The determination of these bounds

is not a straightforward task and has involved considerable

effort in the past two decades. The important point to note

in the relation between the resolving power of the two arrays

is that two wave trains that differed only slightly in

direction could be resolved by the two arrays assuming that

the beach had parallel bottom contours and that linear

refraction theory was valid (FGE90)

.

The bathymetry of the experiment site (Figure (4.4)),

is nearly planar and when approximated by a linear least

squares fit of the tide-corrected soundings, the resulting
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Figure 4 .

4

The Nearly Planar Bathmetry of the Experiment
Site at Torrey Pines Beach, California, on 9

September 1980. Contours are 1 Meter Apart and
Asterisks Represent the Locations of the Wave
Sensors. Tick Interval (Axes) Correspond to 25
Meter. (Adapted from FGE90.)
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plane has a mean slope of 0.025 and a beach normal oriented at

2 64 degrees true.

2. The Synthetic Data Set (SDS)

The directional spectra of the seven selected

frequency bands (Figures (4.2) and (4.3)) are used to recreate

the frequency-directional wave spectra presented in FGE90.

The choice of the frequency resolution for the interpolation

process was made considering both the evolution of the wave

spectra from 10 to 4 meter depth in FGE90 observations and the

measured bicoherence spectra (FGE90)

.

Reviewing the measured frequency-directional wave

spectra (Figure (4.1)), two distinct areas can be noticed:

waves approaching from the southern quadrant (negative angles)

are dominated by interactions between harmonic frequencies

(.06, .12 Hz), and waves coming from the northern quadrant

show coupling of non-harmonic frequencies (.06, .10 Hz). The

measured bicoherence spectrum (Figure (4.13b)) at 4 meter

depth suggests that waves at .06 Hz are significantly coupled

to waves at all other frequencies within the energetic band.

To ensure that the suggested important nonlinear couplings are

modeled, a .01 Hz frequency resolution was adopted (FGE90

frequency resolution is .0078 Hz). The frequency range chosen

for the synthetic data set was from .05 to .19 Hz.

The directional resolution chosen was 1 degree,

reducing artificial directional amplitude dispersion in the
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model results. The linear distribution of variance between

resolved directions used by FGE90 allows a simple

interpolation to a 1 degree directional resolution.

a. The Digitizing and Interpolation Processes

Each of the seven selected directional spectra in

FGE90 (.06, .07, .10, .12, .14, .16 and .18 Hz) (Figures (4.2)

and (4.3)) was digitized at 2 . 5 degrees in the range -3 5 to 4

degrees. To minimize distortions of the observed wave field

in the interpolation process, peaks and turning points were

added to the basic discretization. Several numerical

interpolation techniques were tested, without significant

differences. The interpolation method adopted was a cubic

spline with a "not a knot" endpoint condition. First, the

directional spectrum at each of the selected frequencies was

interpolated to a 1 degree resolution. Then, the directional

spectra at intermediate frequencies in the range . 06 to . 18 Hz

were obtained by interpolation across the frequency range.

The definition of the directional spectra at the frequency

bands .05 and .19 Hz used a linear extrapolation conditioned

by a few points obtained from the corresponding contours of

the FGE90 frequency-directional spectrum.

b. The Spectra

The frequency-directional wave spectrum of the SDS

compares well with FGE90, with the total band variances

differing by no more than 5 percent and peak directions by no
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more than 1 degree for the selected frequencies (Table (4.1)).

Similar to FGE90, the frequency-directional spectrum (Figure

(4.5)) at each frequency was normalized by the total energy in

that band. Uncertainties in the SDS may be expected at the

interpolated frequency bands. The good agreement between the

frequency spectra (Figure (4.7h)) suggests reasonable

representation of the variance of the interpolated bands.

However, for a model such as the WST that considers

exclusively collinear interactions, it must be emphasized

that, even small directional errors of the spectral components

can have considerable effect on the results (Appendix B)

.

C. THE SPATIAL EVOLUTION OF SDS

1. The Computer Parameters

The WST model was installed in a user partition of the

Naval Postgraduate School mainframe system (AMDAHL 5990-500

with VM/CMS operating system, and +300 MFLOPS) . Each user

partition has 3 megabytes of virtual memory (RAM) and a

storage capacity limited to 2.4 megabytes. The simulations

used machine double precision (64 bits)

.

To predict the evolution of the frequency-directional

wave spectrum, the model uses a cycle of three steps: the

computation of the ray path, the evaluation of the collision

inteqral, and the transformation of the spectra by combined

shoaling and refraction effects. Besides the propagation

step, the user defines criteria for the calculation of the ray
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TABLE 4.1

THE SYNTHETIC DATA SET. TOTAL BAND VARIANCES AND PEAK
DIRECTIONS FOR THE DIRECTIONAL WAVE SPECTRA OBSERVED AT 10
METER DEPTH BY FGE90 AND FOR THE SYNTHETIC DATA SET (SDS) .

ALSO TABULATED IS THE RELATIVE ERROR BETWEEN THE SDS AND FGE90
OBSERVATIONS

.

FREQ
(Hz)

VARIANCES (CM2
) PEAK DIRECTION

FGE90 SDS % DIF PGE90 SDS

.06 18684. 18650. .2 -4 -4

.07 2283. 2386. 5. -13 -13

.10 2203. 2251. 2. +12 +12

.12 1501. 1566. 4.
-8 -8

+11 +10

.14 750. 743. 1.

-5 -5

+7 +8

+17 +17

.16 480. 477. 1.

-6 -5

+7 +7

+21 +20

.18 387. 406. 5.

-8 -8

+8 +7

+15 +15

parameters (Section II.B.l), and the range of frequencies

allowed to interact nonlinearly (to be discussed in Section

IV.C.3.2) .

Using a directional resolution of 1 degree (76

directions in the range -35 to 40 degrees) and a .01 Hz
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The Synthetic Data Set Frequency-directional Wave
Spectra (Plot (b) ) Reasonably Represents the
Observations at 10 Meter Depth (Plot (a) ) . At
Each Frequency the Area Under the Curve is
Proportional to the Spectral Energy Density at
That Frequency. For the Synthetic Data Set, the
Exterior Contour Has a Value of .9, with the
Contours .2 Units Apart. Directions are Relative
to the Beach Normal.
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frequency resolution (24 frequencies in the ranqe .01 to .24

Hz) , requires 1824 harmonics in each propagation cycle. Both

the linear and nonlinear simulations adopted a propagation

step of 1 meter. The iteration criteria for the calculation

of the directions and coordinates along the ray (ray

parameters) was 10" 7 for both. For this computational set

up, the model requires about 380 cpu seconds for the more

demanding nonlinear simulations.

2. The Linear Evolution of SDS

The wave field during the experiment (Freilich and

Guza, 1984) satisfies the linear finite depth wave theory

conditions of small bottom slope, no significant input of

energy by atmospheric forcing, and negligible dissipation

processes (bottom friction and breaking) . However, nonlinear

wave interaction processes are observed (Figure (4.1)). Thus,

it is expected that simulations of the evolution of SDS using

a linear model will lack the effects of the transfer of energy

between Fourier components and of directional distortions of

the wave field caused by nonlinear wave interactions.

For the linear simulations the LeMehaute and Wang

(1982) model and the linear version of WST are used. The

objectives of these simulation are to further evaluate the

quality of SDS, and test the performance of the piecewise ray

method developed.
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The linear model of LeMehaute and Wang has the form

S(f,<p) = -££z° s (f\<p)if\ sin" 1

Ko cg {

sm<p (4.2)

where <p defines the angle of the wavenumber vector k with

the beach normal, cg is the group speed and f the

frequency. The subscripted variables refer to values at the

initial location. The linear dispersion relation for surface

gravity waves

a) = {gk tanh(ich))1/2 (4.3)

provides the link between the variables involved.

The linear evolution of SDS predicted by LeMehaute 's

and Wang model and by the WST model (linear version) (Figures

(4.9) and (4.10), and Table (4.2)), show good agreement that

further verifies the propagation scheme. Also, the linear

evolution of SDS (WST model) and FGE90 linear predictions

(Figures (4.8), (4.9) and (4,10), and Table (4.2)) compare

well; there is a similar distribution of energy both in

frequency and in direction that suggest SDS is an accurate

approximation of the FGE90 spectra.

The performance of the linear finite depth wave theory

as an estimator for the evolution of frequency-directional

spectra is extensively analyzed in FGE90. The two main points

to recall are: (i) the inadequacy of the linear theory in
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predicting both frequency and directional distributions of

energy in regions of the wave spectra dominated by nonlinear

effects (frequencies .12 Hz and above in Figures (4.2) and

(4.3) and Table (4.2)); and (ii) that linear wave theory

overpredicts the observed energy in the low frequency range

(.06 to .10 Hz in Table (4.2)). Overprediction of energy by

linear wave theory was not referred to by Freilich and Guza

(1984) for simulations on other days during the experiment

although reference is made to the energy of the observed

spectral peak on 11 September 1980)

.

3. Nonlinear Simulation

a. Computational Parameters

Before proceeding with the analysis of the WST

model results for the nonlinear propagation of SDS, the

importance of the propagation step adopted (1 meter) and the

criterion used for the definition of the frequency range of

interacting spectral components is examined.

XI) The Propagation Step . The definition of the

propagation step has three basic implications. The first

refers to the propagation distances of the different spectral

components. The second is related to collinearity between

nonlinearly interacting waves, and the last is concerned with

the assumption of a constant value for the spectral energy

density in the spatial integration of the collision term

(Section III.B.2) . Only the first two of these are considered

47



TABLE 4.2

THE LINEAR EVOLUTION (4 METER DEPTH) . TOTAL BAND VARIANCES
AND PEAK DIRECTIONS OF THE DIRECTIONAL WAVE SPECTRA AT 4 METER
DEPTH OF THE FGE90 OBSERVATIONS, LEMEHAUTE ' S AND WANG (1982)
(MW) LINEAR MODEL PREDICTIONS OF THE EVOLUTION OF THE SDS AND
FGE90 OBSERVATIONS, AND THE EVOLUTION OF SDS PREDICTED BY THE
LINEAR LIMIT OF THE WST MODEL.

FREQ

(Hz)

VARIANCES (cm
2
) PEAK DIRECTION

SDS FGE90 SDS FGE90

mw WST MW OBS. MW WST MW OBS

.06 27884 27902 27969 19568 -2 -2 -2 -4

.07 3473 3477 3285 2667 -8 -8 -8 -8

.10 3083 3086 3030 2122 +8 +8 +8 + 10

.12 2011 2083 1921 2621
-5 -5 -5 -4

+8 +8 +7 + 12

.14 894 895 912 1001

-3 -3 -3 -6

+5 +5 +5

+ 12 + 12 + 12 + 14

.16 535 535 540 689

-4 -4 -4

+ 5 +5 +5 +6

+ 14 + 14 +15 + 16

.18 421 422 415 821

-6 -6 -6 -4

+5 +5 +6 +6

+16 +16 +16 +16
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Figure 4 .

8

The Evolution of the Synthetic Data Set
Frequency-Directional Wave Spectra from 10 to 4

Meter Depth Predicted by the Linear Limit of the
WST Model (Plot (b) ) is in Good Qualitative
Agreement with the Linear Prediction of
LeMehaute's and Wang (1982) Model (Plot (a))
Using the Observations at 10 Meter as Input.
Directions are Relative to the Beach Normal.
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The Predicted Evolution of the Synthetic Data Set
Directional Wave Spectra at 4 Meter Depth by the
Linear Limit of the WST Model (Chaindash Line)

,

and LeMehaute's and Wang Linear Model (Squares)
are in Close Agreement, and Compare Well to the
Linear Predictions of FGE90 (Dots) Using the
Latter Model Initialized with the Observations of
Frequency Directional Spectra at 10 Meter Depth.
Directions are Relative to the Beach Normal.
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in this section. The third is studied in the sensitivity

analysis of the model results (Appendix B) , where it is

concluded that there are no significant differences in the

model results for propagation steps of 1, 3 and 6 meter. In

the following discussion, it should be noted that

computational requirements are not a constraint in the

selection of the propagation step.

The problem of the total distance of

propagation and interaction can be divided in two parts: the

validity of the ray theory of wave propagation, and the rigor

of the method used to compute the ray parameters. For the

first part, the success of the ray theory and its recognition

as a rational framework within the applicability conditions

(Chapter II) is assumed a reasonable safeguard. Relative to

the calculation of the ray parameters, the piecewise ray

method developed performed well in comparison both with

Dobson's method and with Snell's law (Section III.B.l).

Regarding the collinearity of nonlinearly

interacting spectral components, the propagation step must be

chosen properly because it directly determines the per-step

change in direction of the waves by refraction. Smaller

propagation steps correspond to smaller differences in the

directions of two initially collinear components at the end of

the propagation cycle. The 1 meter propagation step closely

simulates collinearity of interacting components. It gives

rise to a maximum change in the direction of the coupled
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components of 2.5*10"4 radian per step. The Fourier

components are thus taken as collinear if their directions do

not differ by more than .02 degrees, that is, by no more than

2 percent of the directional resolution adopted. The

significance of these small numbers can be estimated by

computing the wavenumber product of an interaction both at

zero angle and at .02 degrees. To compute the relative error

of wavenumbers corresponding to interactions at . 02 degrees

( ky ) and to collinear interactions ( kcol ) , the relation

p.- %-^ - <«•«>
Kcol

is used. The distribution of the relative error as a function

of the frequency of the coupled components for 10 meter depth

is shown in Figure (4.11). The interacting wavenumbers are

calculated using the shallow water linear dispersion relation.

Distributions of the relative error given by (4.3) for other

depth values in the range 4 to 9 meter are similar to the 10

meter depth case. As can be concluded from Figure (4.11) , the

propagation step yields negligible departure from the exact

kinematic resonant conditions, and the collinearity condition

is verified.

(2) The Collision Range . The objective is to

establish a criterion that ensures conditions of three wave

kinematic resonance for spectral components undergoing
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Figure 4.11 The Percent Mismatch in the Computed Wavenumber
as a Result of Nonlinear Interactions (K3

= R2 +
Rj Between Components at an angle (.02 Degrees)
and Collinear Components. Contour Values
Correspond to Scaled Percentages of Mismatch
(Contour Value = % Mismatch*^*) . The Contour
Interval is . 1, with Decreasing Values Outward
from the 1.5 Labelled Contours.
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nonlinear interactions. In the shallow water regime, the

existence of triad interactions is a direct consequence of the

nondispersive form of the linear dispersion relation.

Classical finite depth linear wave theory

adopts the value kh < 71/IO as a limit for the shallow water

regime, which corresponds to errors in the approximation of

the dispersion relation of at most 1 percent. The error of

wavenumbers computed with the linear shallow water

approximation ( ks ) relative to wavenumbers calculated with

the surface gravity wave linear dispersion relation ( kc ) is

given by

p = iTT (4 " 5)

and is shown in Figure (4.12) for frequencies in the range .06

to .21 Hz (at .03 Hz interval) and depths from 4 to 10 meter.

It can be concluded from Figure (4.12) that frequencies less

than .05 Hz meet the kh < n/10 criterion in the range of

depths considered, and that .06 Hz verifies the criterion

close to 4 meter depth. The adoption of a criterion based on

a value of kh < n/10 negates the feasibility of the

nonlinear evolution observed by FGE90 resulting from nonlinear

triad resonant interactions.

On the other hand, the measured bicoherence

spectra (FGE90) reproduced in Figure (4.13), show that .06 Hz
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computed with the linear dispersion relation and the shallow

water approximation. The error in satisfying the wavenumber

resonance condition (4.7) is shown in Figures (4.14a, b) for

interacting frequencies up to .24 Hz and depth values of 4, 6,

8 and 10 meter, with the convention that f
3
=f

1 +f2
. The

areas enclosed by the dotted lines correspond to the values of kh = .5

and kh =1

.

Using the information in Figures (4.14a, b)

,

the limit for the interacting spectral components was chosen

as kh < . 5 . This value corresponds to a mismatch in the

wavenumber resonance condition (4.7) of 5 percent at most. It

represents a small departure from the strict conditions of

applicability of the WST model and is a compromise between the

classical shallow water criterion and the range of strong

interactions suggested by the measured bicoherence spectra.

For the criterion adopted, kh < .5 , the collision range in

the observational conditions in FGE90 extends up to the

frequency .12 Hz.

4 . Results

In this section, the evolution of SDS predicted by the

WST model is analyzed by comparing the model results for

frequency, frequency-directional and directional spectra with

FGE90 observations. As noted earlier, only a qualitative

analysis is possible because of the synthesis of the SDS data

set.
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a. Frequency Spectra (Figure (4.16a))

Comparing the simulations and the observations at

4 meter depth, it is observed that the model results for the

frequency spectrum are not statistically different from the

observations for most of the frequency range (95 percent

confidence level for the spectral estimates based on 320

degrees of freedom (FGE90) ) . The simulations (Figure (4.16a)

and Table (4.3)) show a considerable transfer of energy to

frequencies .12 Hz and above. This range of frequencies

corresponds to the region of the spectrum where linear wave

theory is inadequate (Figure (4.3g) and Table (4.3)). All the

prominent peaks of energy due to nonlinear wave interactions

(at .12, .16 and .18 Hz in Figure (4.3)) are predicted by the

WST model (Figure (4.16a)). Contrary to what is suggested by

Figure (4.16a) the peak of energy at .12 Hz is not

statistically different from the observations. This apparent

discrepancy is due to the differences between the resolved

frequencies of the WST model and FGE90.

The total band variances (Table (4.3)) are

overpredicted by the WST model. The excess energy predicted

by linear wave theory for the low frequency range, .06 to .10

Hz (Table (4.3)), is reduced with the introduction of the

nonlinearities. However, the nonlinear wave interactions do

not explain all the difference. In fact, the excess energy in

the frequencies from . 06 to . 10 Hz is larger than the total

energy in the observations (4 meter depth) for frequencies .12
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Hz and above. Within the WST model formulation, overpredic-

tion of energy in the low frequency range results in an

increased transfer of energy by triad interactions to the

higher frequencies. The validity of the predicted transfer of

energy by nonlinear wave coupling is analyzed in the Appendix

B, where a simulation is done with the linear shoaling and

refraction effects artificially reduced. It is observed that

for levels of energy in the range .06 to .10 Hz close to those

observed by FGE90 at 4 meter depth, the total band variances

for frequencies .12 Hz and above compare better with FGE90

observations. The reasons for the energy discrepancies in the

low frequency range could possibly be associated with the

simplified bathymetry used or neglecting dissipative

processes.

b. Frequency-directional Spectrum (Figure (4.15))

The frequency-directional spectrum at 4 meter

depth (Figure (4.15b)) shows that the major features of the

nonlinear evolution of the wave field in FGE90 are reproduced.

Compared with the linear wave theory simulations (Figure

(4.8) ) , the most obvious nonlinear effects that can be noticed

in the observations of FGE90 at 4 meter depth (Figure (4.15a))

are the peaks of energy centered at .16 Hz, +6 degrees

(coupling of .06 with .10 Hz), and at .18 Hz, -4 degrees

(coupling of .06 with .12 Hz). Also, an enhancement of the

peak of energy centered at .12 Hz, -4 degrees (self-coupling
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of. 06 Hz) can be observed with differences in the directional

distribution of the energy. The apparent prediction of the

peak of energy centered at .16 Hz by the linear version of the

WST model (Figure (4.8b)) is an artifice of the value adopted

for the least energetic contour.

Comparing the model simulations with FGE90

observations at 4 meter depth (Figure (4.15)), it can be

concluded that: for the waves approaching the beach from the

southern quadrant (negative angles) , both the peak of energy

at .18 Hz, the enhancement of energy at .12 Hz, and the

general distribution of energy with direction compare well;

for waves from the northern quadrant (positive angles) , the

peak of energy at . 16 Hz is predicted but in a direction close

to the beach normal. Also a peak of energy is evident in the

simulations centered at .14 Hz, +5 degrees (this peak is

discussed in the analysis of the directional spectra)

.

c. Directional Spectra (Figures 4.16b. c and d. and
Figure 4.17)

The following discussion of the directional

spectrum at 4 meter depth subdivides the frequency range (.05

to .19 Hz) into bands, .06-. 10 Hz and .12 Hz-. 19 Hz. This

division is motivated by the dominance of the nonlinear

effects for frequencies .12 Hz and above.

The model results for the selected frequencies

.06, .07 and .10 Hz are in qualitative agreement with FGE90

observations (Figures 4.16b, c and d and Table 4.3). The
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TABLE 4.3

THE NONLINEAR EVOLUTION (4 METER DEPTH) . TOTAL BAND VARIANCES
AND PEAK DIRECTIONS OF THE DIRECTIONAL WAVE SPECTRA AT 4 METER
DEPTH, FOR FGE90 OBSERVATIONS, AND WST NONLINEAR AND LINEAR
PREDICTIONS OF THE EVOLUTION OF THE SDS.

FREQ(Hz)

VARIANCES (cm 2
) PEAK DIRECTION

FGE90 WST LINEAR FGE90 WST LINEA
R

.06 19568 25257 27902 -4 -2 -2

.07 2667 3157 3477 -8 -8 -8

.10 2122 2713 3086 +10 + 8 +8

.12 2621 3911 2022
-4 -3 -5

+ 12 +8 + 8

.14 1001 1217 895

-6 -4/-
9

-3

+ 5 + 5

+ 14 + 12 + 12

.16 689 1010 535

-4

+ 6
+1/+

5
+ 5

+16 + 14 + 14

.18 821 918 422

-4 -3 -6

+6 +6 + 5

+ 16 + 16

predicted directions for the peaks of energy (Table 4.3)

differ by at most 2 degrees from the observations, and are

coincident with the linear predictions. The shapes of the

directional spectra predicted by the model are not
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significantly different from the observations (Figures 4.16b,

c and d) , and are close to that predicted by linear wave

theory. A decreased energy content relative to the linear

simulations is observed (Figures 4.16b, c and d and Table

4.3), which is consistent with the transfer of energy to

higher frequencies by nonlinear interactions.

The predicted directional spectra for the

frequency bands .12, .16 and .18 Hz (Figure 4.17) are also in

qualitative agreement with the observations (.14 Hz will be

considered later). Figure (4.17) and Table (4.3) show that

the linear wave theory is inadequate to predict the

directional distribution of shoaled waves whose evolution is

determined by nonlinear effects. In fact, the linearly

predicted directional spectrum for the bands . 12 , .16 and . 18

Hz (Figure (4.17a, c and d) ) have not only less energy than

the observations, but also have different shapes. The WST

model results (Figure (4.17a, c and d) and Table 4.3) show

that all significant peaks of energy in FGE90 observations are

predicted (the peak at .18 Hz, +16 degrees is not

statistically significant) . The directions of the peaks (.12,

.16 and .18 Hz in Table 4.3) differ from the observations by

not more than 1 degree for waves in the southern quadrant

(negative angles) ; for waves in the northern quadrant, the

directions differ from those observed in FGE90 by up to 5

degrees for the largest peak at .16 Hz. The shape of the

directional spectra (Figure 4.17a, c and d) for the frequency
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bands .12, .16 and .18 Hz is not significantly different from

the observations in FGE90.

Contrary to the analysis of FGE90, which suggests

that the reason for the increased energy at .16 Hz is the

coupling of waves at ( . 06 Hz, -4°
) with waves at

( .10 Hz, +10° ) via near-resonant interactions, the WST model

results show that collinear interactions can explain the

observed increase of energy. Recalling the observations at 10

meter depth (Figure (4.2)), there is considerable overlapping

of energy at .06 and .10 Hz in the range to +15 degrees.

The linear predictions at 4 meter depth also overlap (Figure

(4.2)). Therefore it is concluded that there are conditions

for collinear coupling between .06 and .10 Hz for the full

extent of the evolution between the two arrays. On the other

hand, the vector wavenumber condition (equation (4.7)) cannot

be used to recast the direction of a peak of energy from

observations at a single point. It is noted that the

arrangement of the relative directions of the waves is a

dynamic system in constant evolution. As an example, the

application of the vector resonance condition to the coupling

of the peaks of .06 and .12 Hz at 10 meter depth (Table 4.1),

referred by FGE90 as having significant bicoherence (Figure

4.13), does not suggest the final collinearity of the peaks

.06, .12 and .18 Hz observed in FGE90. It would be expected

that the increase of energy at .16 Hz would be more probably

due to resonant interactions of less energetic collinear
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components as shown by the WST model results, than due to non-

resonant interactions. In scaled laboratory experiments of

the observational conditions in FGE90, but with a bathymetry

of straight and parallel bottom contours, (Elgar et al., 1991)

observed a .16 Hz directional spectrum in close agreement with

the WST model predictions for shape and peak direction (Figure

4.18) .

The evolution of the frequency band .14 Hz (Figure

4.17b) is the most questionable result of the model. It is

observed that an extra peak is predicted in the northern

quadrant (+5 degrees) relative to the observations. The .14

Hz directional spectrum at 10 meter depth (Figure (4.2)) is

trimodal, evolving into a bimodal distribution of energy at 4

meter depth (Figure (4.2)). The vanishing of the peak at +5

degrees in the observations at 4 meter depth is not

understood. The expected evolution of this peak is an

increase of energy by transfer from .07 Hz (Figure 4.2).

Also, the measured bicoherence (Figure (4.13)) does not

suggest significant nonlinear interactions of .14 Hz that can

lead to the observed loss of energy. The WST model results

are, at least in principle, closer to what would be expected.

In fact, they show (Figure (4.17)) the expected bimodal

structure in the northern quadrant and an increase of energy

by self-interactions of .07 Hz. Deficiencies of the maximum

likelihood estimator in resolving a trimodal directional

spectrum with two close peaks are a possible explanation for
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Figure 4.18 The Nonlinear Evolution of the .16 Hz Frequency
Band Predicted by the WST Model (Plot (a)) is in
Close Agreement with the Laboratory Observations
of Elgar et al . (1991) (Plot (b) ) , Both for Shape
and Peak Direction.
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the observations in FGE90. Relative to the south quadrant

(Figure 4.17), the shape of the peak of energy at -6 degrees

is analyzed in detail in Appendix B. It is concluded that a

directional error in the interpolated band of .08 Hz at 10

meter depth (SDS) is the reason for the predicted bimodal

structure of the peak at -6 degrees.

The nonlinear simulations suggest that the WST

model is, at least qualitatively, successful in predicting the

nonlinear evolution of the wave field observed by FGE90. A

detailed sensitivity analysis (Appendix B) concludes that the

results obtained are not a consequence of fortuitous

coincidences. In particular, it is noted that the nonlinear

evolution of the selected frequencies is almost independent of

the interpolated frequency bands (exception is .14 Hz), which

further validates the agreement between model predictions and

observations

.
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V. DISCUSSION AND CONCLUSIONS

A model was developed for the evolution of ocean

frequency-directional spectra for waves propagating shoreward

in shoaling waters. The model was solved numerically and

tested against observations. A Hamiltonian formalism was used

to derive the wave spectral transformation model (WST) to

obtain a consistent approach for the problem of shallow water,

weakly nonlinear, shoaling waves over mild sloping bottom.

The WST model, which includes the physics of triad resonant

interactions and combined linear refraction and shoaling,

provides good qualitative agreement with field measurements by

FGE90. Unlike existing shallow water model formulations, a

random wave field collision integral formulation is used.

The criterion adopted for the definition of the collision

range, kh < .5, is within the classic linear wave theory

shallow water regime consistent with the so-called near-

resonant interactions. However, the WST model is formulated

in terms of the exact three-wave kinematic resonant

conditions, yet the model results are in agreement with the

observations

.

Sensitivity analyses were conducted on the errors in the

synthetic data set used to simulate the observations, on the

increase in the amount of energy in the collision range, and

on the assumption of a constant spectral energy density
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content for a full propagation step; no significant

consequences for the model results were found.

Several extensions of the model can be considered. The

Boltzmann wave equation has been used in wave propagation

models in the form (e.g., WAMDI group, 1988)

dSi
at

f) -ToAf.f) (5.D

The summation on the r.h.s. of (5.1) can represent separate

influences, which transfer energy to, from or within the wave

spectra, including atmospheric forcing, nonlinear wave

interactions, bottom friction and breaking wave dissipation.

Within the approximation (5.1), it is possible to include in

the WST model these additional physical processes, taking

advantage of existing formulations. Four-wave interactions

could be possibly included by an ad-hoc formulation similar to

the one used in the finite depth extension of the WAM model

(WAMDI group, 1988) . The immediate next step in the

development of the WST model is, perhaps, the inclusion of an

irregular bottom topography, for which the formulation

described in Appendix A can be used.

In conclusion, the nonlinear directional wave spectral

transformation model developed in this dissertation is not

only operationally valid and computationally efficient, but

also allows for future extensions.
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APPENDIX A

ARBITRARY BOTTOM TOPOGRAPHY

Application of a piecewise ray method for propagating

directional spectra over arbitrary bottom topography is

developed. It is assumed that the bathymetry is described by

a regular grid of soundings, and that the objective is to

predict wave spectra at a single target point (Figure (A.l)).

To take into account the effects of the changing bottom

topography in the evolution of the wave spectra, the set of

all points that are possible origins for rays reaching the

final target point must be considered. This set of points,

the domain of dependence, is defined using the grid of

soundings to compute the limiting rays that are able to reach

the target position (Figure (A.l)).

Once the domain of dependence is defined, a finer

propagation grid is established with the discretization lines

separated by a chosen propagation step (Figure (A.l)). The

ray path in-between discretization lines is calculated by

backward refraction from the grid points at line k+1 ( k

is the last known level of directional wave spectra) . The

method developed in Section (III.B.l) is used to compute the

ray parameters. The local depth is obtained by interpolation

of the original coarse grid of soundings (described below)

.
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In most cases, the origin of the ray (level k in Figure

(A.l)) is located at positions where the wave spectra are not

known. Interpolation between nearby points of known wave

spectra determines the wave energy to be propagated. The

propagation cycle ends with the integration of the radiative

transfer eguation (3.3) along the calculated ray path.

The bathymetry can be interpolated by a bidimensional

,

cubic least squares fit. This type of approximating surface

is inadequate to match a full surface, but when used in a

mosaic it can give good results. The approximating surface

has the form

P
3
(xy) = a

1
+ a

2
x+a

2
y+a

A
x2 + a5xy

+ a6y 2 + a1 x 3 + a
e
x2y+ a

9
xy 2 + a10y 2

(A.l)

with the error at each point given by

t ±j
= hij -P3

(xy) . (A. 2)

Variables x and y represent the cartesian coordinates of

the data points. In (A. 2) h
Li

is the observed depth.

Adopting a 2-norm, the minimization of the error in a least

squares sense requires that

de-
"• = , i = 1, ... , Nc . (A. 3)

da,
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where Nc represents the order of the coefficients. The set

of conditions (A. 3) leads to a system of equations that takes

the form

[XY] .[A] = [HXY] . (A. 4)

The matrix [XY] has the first row defined as

l
N 5> Y,y 5> 2 T*y E^ 2 E* 3 E* 2

y E^ 2 E^ 3

]

(A. 5)

and the following ones as

coEF
d®[Nj2x j> E*2

Y, xy E v2 E* 3 E*2^ E* v2 E^ 3

]

(A. 6)

The operation ® is defined as COEF^^a = J^ (a x COEF^ and

COEF takes by rows ( i ± ) the form

r2
- x r5

- xy r
8
- x2y

r3
~* y re ~ y 2 r9 - xy2 (a.7)

r4
=» x 2 r7

- x 3 r10 - y 3

The column vector [HXY] is given by rows as

[HXY] = COEF^^h • For this vector COEF is for row one

unitary, and for the other rows defined as in (A. 7). The

column vector [A] contains the ai coefficients of P
z
(xy)

(equation (A.l) )

.
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The important point to note is that the coefficient matrix

[XY] can be made constant for the entire domain of

integration if a local system of coordinates is adopted. This

reduces the computational effort for interpolating the

bathymetry, because a decomposition of [XY] to solve (A. 4)

needs to be calculated only once.

The interpolation of the wave spectral energy at each

level does not pose difficulties. The separation of grid

points is necessarily small and the bottom is mild sloping.

The wave spectra at nearby points are not expected to vary

significantly. A linear interpolation can be considered,

which is consistent with the concept of the domain of

dependence. It is noted that, contrary to existing methods

(deep water applications) , there is no need for interpolating

the wave spectra also in direction, which is a significant

advantage

.
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Figure A.l The Grid of Soundings (Longdash Line) is Used to
Determine the Domain of Dependence (Shaded Area)
Enclosed by the Limiting Rays (Solid Line) . The
Limiting Rays are Computed by Backward Refraction
from the Target Point (T) . The Stepwise Ray Path
(Dash Line) is Computed in a Finer Propagation
Grid (Dashdot Line)

.
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APPENDIX B

SENSITIVITY ANALYSIS

The sensitivity analysis is divided in two parts. The

first serves to clarify performance characteristics of the WST

model through simulations with simple initial conditions; the

second analyzes the dependence of the simulated evolution of

FGE9 wave field (Section IV. C. 4) on approximations adopted in

the WST model formulation, on errors in the synthetic data

set, and on the simplified bathymetry. Within the collision

integral formulation for the triad resonant interactions in an

anisotropic spectra, quantification of errors is not possible.

An alternative is to estimate the importance of errors through

model simulations.

A. PERFORMANCE CHARACTERISTICS OF THE WST MODEL

The simulations in these section use the WST model to

evolve simplified directional wave spectra over FGE90

bathymetry of straight and parallel bottom contours, for 246

meter from 10 to 4 meter depth.

1. Linear Refraction and Triad Resonant Interactions
(Figures (B.l) and (B.2))

The objective is to appreciate the importance of

linear refraction on the nonlinear transfer of energy by

collinear triad interactions, and how nonlinear transfer of

energy can distort the evolution of the wave field. To study
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the importance of refraction for triad resonant interactions,

two peaks of energy corresponding to waves at frequencies .06

Hz and .10 Hz are used to initialize the WST model (Figure

(B.l, Plot 4A) ) . Because there is no overlapping of the

directional wave spectra of the bands .06 and .10 Hz at 10

meter depth (Figure (B.l)), the first impression is that no

transfer of energy by collinear triad interactions will occur.

However, increased refraction effects for .06 Hz lead to the

overlapping of the two directional wave spectra (.06 and .10

Hz) somewhere along the propagation from 10 to 4 meter depth.

Collinear triad interactions become possible, and nonlinear

transfer of energy occurs by the time the waves reach 4 meter

depth (Figure (B.l, Plot 4RA) )

.

On the other hand, nonlinear transfer of energy by

triad resonant interactions can cause apparent negative

refraction. To simulate this effect of energy refracted away

from the beach normal, the WST model is initialized with three

peaks of energy at .06, .10 and .16 Hz (Figure (B.2, Plot

3A) ) . Linear shoaling and refraction of band .16 Hz

directional spectrum initially centered on beach normal

results in a modification of the spectral variance, but still

centered on beach normal (Figure (B2, Plot 3LA) ) . The effects

of combined linear refraction and shoaling with collinear

triad interactions (coupling (.06, .10 Hz)) (Figure (B.2, Plot

3NA) ) is to modify the direction of the peak of energy at .16
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Hz (4 meter depth), which in case 3NA (Figure (B.2))

contradicts the expected effects of refraction.

It is concluded that the nonlinear evolution of the

ocean wave spectra by refraction and collinear triad

interactions has to be thought in terms of their combined

effects along a propagation path, and that single point

observations can not be used to estimate the nonlinear

evolution of the wave field.

2. Errors in the Direction of a Peak of Energy (Figure
(B.3))

The sensitivity of the WST model results to errors in

the direction of a peak of energy involved in triad resonant

interactions is considered. Two different relative

orientations of peaks of energy at frequencies, .06 and .08 Hz

are used to initialize the WST model (Figure (B.3, Plots 1A

and IB)). The directional spectra for .14 Hz (resultant of

the coupling (.06, .08 Hz)) is initially set to zero. The

effect of shifting the less energetic peak (.08 Hz) by 3

degrees (Figure (B.2, Plots 1A and IB)) results in a

significant change in the amount of nonlinearly transferred

energy and direction of the peak. It is noted that

interchanging the frequencies of the two initial peaks reduces

the resulting change both in energy and direction. The WST

model is sensitive to errors in the direction of peaks of

energy because collinear triad resonant interactions are

considered.
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3 . Errors in the Peakedness of the Directional Spectra
(Figure (B.4))

The dependence of the nonlinearly transferred energy

by collinear triad interactions on the peakedness of

interacting components is analyzed. Two initial spectral

conditions (Figure (B.3, Plots 2A and 2B) ) , differing in the

peakedness of one of the interacting spectral components ( . 08

Hz) by about 3 percent, are considered. Normal incidence is

used to negate refraction in order to isolate the nonlinear

effects. The directional spectra of the nonlinearly

transferred energy by the coupling (.06, .08 Hz) (Figure (B.3,

Plots 2AA and 2BB) ) show a significant increase in the total

variance for the condition of initial increased peakedness

(Figure (B.3, Plot 2B) ) . About 20 percent more energy is

transferred for the more-peaked spectrum. It is noted that

for components initialy at normal incidence to the beach, as

in Figure (B.3), there is no significant difference in the 4

meter wave spectra if the frequency of the interacting

spectral components is interchanged. However, for waves

incident at an angle to the beach, the amount and direction of

the nonlinearly transferred energy is strongly dependent on

the relative frequencies of the coupled components (recall

Section A.l, for the first case study).
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B. ERRORS IN THE PREDICTED EVOLUTION OF FGE90 WAVE FIELD

1. Errors in the Synthetic Data Set

To investigate the errors in using the synthetic data

set to initialize the WST model, it is assumed that the seven

selected frequencies of FGE90 were correctly duplicated in the

digitizing process. Within this assumption, the importance of

errors in the directional spectra of the interpolated

freguencies can be examined by initializing the WST model with

a reduced wave spectrum comprised only of the selected

frequency bands presented in FGE90. In the following

analysis, reference to the full spectrum (FSPEC) , corresponds

to the SDS, and the reduced spectrum (RSPEC) refers to the

frequency directional spectrum described by setting to zero

the energy content of the interpolated frequency bands (.05,

.08, .09, .11, .13, .15, .17 and .19 Hz).

The WST model predictions of the directional spectra

at 4 meter depth, using as input the RSPEC are shown in

Figures (B.5) and (B.6). In Table (B.l), total band variances

for the selected frequencies are listed. It is concluded from

Figures (B.5) and (B.6) and Table (B.l), that the largest

error in the nonlinear evolution of SDS due to the

interpolated frequency bands can occur at .14 Hz. In fact,

for this frequency band, the RSPEC simulation is close to the

FSPEC linear prediction, with about 85 percent of the energy

nonlinearly transferred to .14 Hz resulting from coupling of

interpolated frequencies (Table (B.l)). For the other selected

85



TABLE B.l

ERRORS IN THE SYNTHETIC DATA SET. TOTAL BAND VARIANCES OF THE
DIRECTIONAL WAVE SPECTRA AT 4 METER DEPTH PREDICTED BY THE WST
MODEL USING AS INPUT THE SDS (FSPEC) , ONLY THE SELECTED
FREQUENCIES OF FGE90 (RSPEC) , THE SELECTED FREQUENCIES ADDED
WITH THE INTERPOLATED BAND .08 HZ (RSPEC+.08), AND THE
SELECTED FREQUENCIES TOGETHER WITH THE INTERPOLATED FREQUENCY
BANDS OF .05 AND .09 (RSPEC+. 05& . 09) . THE PERCENTAGES (% NL
TRSF) CORRESPOND TO THE CHANGE OF NONLINEARLY TRANSFERRED
ENERGY IN REDUCED SPECTRA SIMULATIONS (RSPEC+...) RELATIVELY
TO THE SDS (FSPEC) SIMULATIONS.

FREQ
(HZ)

VARIANCES (cm2 ) PEAK DIRECTION

FSPEC RSPEC +.08
+ .05
&.09

FSPE
C

RSPE
C +.08 + .05

&.09

.06 25257 25519 25432 2541
10 7 6

.07 3157 3201 3181 3185 16 7 9

.10 2713 2766 2751 2743 17 10 7

.12 3911 3953 3938 3942 2 1 2

.14 1217 943 1211 950 85 2 83

.16 1010 958 974 986 _

—

12 8 5

.18 918 844 878 853 17 8 15

frequency bands, the differences between the RSPEC and FSPEC

simulations are minor. The main conclusion of the RSPEC

simulation is that, with the exception of .14 Hz, more than 80

percent of the nonlinear evolution of the selected frequency
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bands is determined by interactions among these spectral

components.

To further investigate the importance of the fully

interpolated frequency bands, successive simulations were

performed: first one by one the interpolated bands were added

to the RSPEC; then they were added in pairs. From these

multiple studies it was concluded that the most important

changes occurr when .08 Hz alone and the pair (.05, .09 Hz)

are added to the seven selected frequencies.

Adding the frequency band . 08 Hz to the RSPEC

(RSPEC+.08) results in extra transfers of energy to the

frequency bands .14, .16 and .18 Hz (Figures (B.7) and (B.8)).

The listed band variances in Table (Bl) show that the

nonlinear transfer of energy to .14 Hz in the RSPEC+.08 and in

the FSPEC simulations are similar; the relative difference of

energy is only about 2 percent, and the directional spectra at

.14 Hz for FSPEC and RSPEC+.08 match closely (Figure (B.7)).

When the pair of frequencies (.05, .09 Hz) is added to

RSPEC (RSPEC+.05&.09) , there is no significant contribution to

band .14 Hz, and only minor differences in the bands .16 and

to .18 Hz (Table (B.l) and Figures (B.9) and (B.10)).

It can be concluded from the results of the

simulations for several possible combinations of selected and

interpolated frequencies that the nonlinear evolution of SDS

for the selected bands in FGE90 is not a consequence of

artificial conditions created in the digitizing process.
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The anomalous result of the predicted evolution of the

frequency band .14 Hz (SDS) is reexamined here in terms of the

errors considered in Section A. As concluded from the reduced

spectral simulations, where only selected frequencies are

taken as input for the WST model, the band .14 Hz has a

nonlinear evolution dominated by the coupling (.06, .08 Hz).

To recreate a possible error in the directional distribution

of energy at the interpolated band .08 Hz, the directional

spectra at this frequency was shifted 4 degrees to the north,

and a simulation was performed. As can be observed (Figure

(B.ll)), the peak of energy in the south sector (at about -4

degrees) has increased in energy relative to the original

simulation (about 15 percent extra energy) , with the direction

of the main peak unchanged. Recalling the effects of an error

in the peakedness of the energy distribution (Figure (B.4)),

it is possible that a further correction in the spreading of

energy in the . 08 Hz band would make the results closer to

FGE90 observations. Relative to the south sector of .14 Hz,

several tests were performed, and no reasonable hypothesis was

found to justify the differences in observations and/or the

predictions.

2. The Increased Energy in the Collision Range

The nonlinear evolution of SDS predicted by the WST

model (Table (4.3)), results in an excess of energy in the

selected frequency bands. Under the conditions of the present

study, besides resonant triad interactions only, the combined
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effects of shoaling and refraction can be a possible source of

the energy increase. It is recalled that the collision

integral, while promoting the transfer of energy among Fourier

components, conserves the energy of the system. To get an

appreciation of what can be expected if the energy in the

frequency bands comprising the collision range were lowered,

a reducing parameter of the combined effects of shoaling and

refraction was introduced into the model formulation; the

direction of the spectral components due to refraction are,

however, unchanged.

To establish the dependence of the reducing parameter

on frequency, the percent increase of energy by shoaling and

refraction for each of the seven selected bands was calculated

(Figure (B.12)). The variation of energy with frequency is

almost linear, and therefore, linear dependence on frequency

is adopted for the reducing parameter.

Assuming that the combined effects of shoaling ( ks )

and refraction ( kr ) are constant ( (kgkr )
2 = const. ) across

the full domain of propagation, it can be deduced that the

total energy content of a frequency band ( S ) after m

propagation steps is given by

S = S (l-(K
s
K

r )
2 (a-l) m

), (B.l)

where S represents the energy at the input and a is the

per-step reducing parameter. Taking into consideration the

amount of energy at the frequency band .06 Hz, both for a
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linear and nonlinear simulations, it is concluded that a value

of 0.3 for the reducing parameter ( a ) results in a total

band variance for .06 Hz after propagation close to that

measured by FGE90. The two points ( a = . 3,f = .06 ) and

( a = .0, f = . 19 Hz ) define the line containing the values for

the reducing parameter (not shown)

.

The consideration of a reducing parameter for the

combined effects of refraction and shoaling, as explained

above, represents an "ad-hoc" method to appreciate the

dependence of the nonlinearly transferred energy on the amount

of energy within the collision range. The results of this

simulation should not be quantitatively compared to FGE90

observations.

The simulations corresponding to reduced linear and

nonlinear effects are contained in Table (B.2), together with

the original nonlinear simulation and FGE90 observations. A

significant decrease in the nonlinearly transferred energy to

the high frequency range occurs as a result of the reduced

variance in the collision range for the WST model. However,

the observed reduction does not result in the invalidation of

the model simulations. The obtained levels of energy for the

high frequency range (.12 Hz and above) are not unreasonable

and still represent a significant transfer of energy by triad

resonant interactions. The directional spectra of the seven

selected frequencies, for the simulations with reduced and
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TABLE B.2

THE INCREASED ENERGY IN THE COLLISION RANGE. TOTAL BAND
VARIANCES OF THE DIRECTIONAL WAVE SPECTRA AT 4 METER DEPTH FOR
THE FGE90 OBSERVATIONS, AND WST MODEL PREDICTIONS FULLY
ACCOUNTING FOR THE SHOALING AND REFRACTION EFFECTS (WSTLF FOR
LINEAR EVOLUTION AND WSTNLF FOR NONLINEAR) AND WITH
PARAMETRICALLY REDUCED SHOALING AND REFRACTION EFFECTS (WSTLR
FOR LINEAR EVOLUTION AND WSTNLR FOR NONLINEAR)

.

FREQ
(Hz)

VARIANCES (Oft2 )

FGE90 WST WST (RED) LINEAR LINEAR (RED
)

.06 19658 25257 19801 27902 21576

.07 2667 3157 2537 3477 2758

.10 2122 2713 2366 3086 2640

.12 2621 3911 3171 2023 1813

.14 1001 1217 1075 895 836

.16 689 1010 872 535 517

.18 821 918 743 422 417

theoretical linear effects (not shown) , only differ in the

amount of energy at corresponding directional bins.

3. The Constant Spectral Energy Density Approximation

The spatial integration of the collision term (Section

II. B.2) assumes that the spectral energy density content of

interacting components has a constant value during the

propagation step. As previously stated, the propagation step

is necessarily small because of requirements of collinearity

between nonlinearly interacting spectral components. However,
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the smallness of the propagation step does not mean that the

error introduced by the constant spectral energy density

content assumption is also small. An estimate of the

influence of the approximation can be obtained from

simulations using different propagation steps. The smaller

the propagation step adopted in the simulation, the closer the

model approximates a the constant change in the spectral

energy density of the components. The grid steps adopted for

this study are 3 and 6 meters, besides the basic 1 meter.

Collinearity between nonlinearly coupled components is not

compromised for the 6 meter propagation step.

The results of the nonlinear simulations at different

propagation steps are contained in Table (B.3). As can be

concluded, the variations of energy nonlinearly transferred

are minor, a maximum difference between the grid steps 1 and

6 meter occurs at .18 Hz and is about 5 percent. It must be

noted that a change in the grid step results in a variation in

the amount of energy nonlinearly transferred, because it

determines a change in the interaction distance of the

spectral components. As will be observed in the next section,

this effect has significant consequences for the results of

the simulations.

4. The Bathymetry

Nonlinear simulations of the spatial evolution of

frequency-directional wave spectra are considerably dependent

on the bathymetry. First-order effects of shoaling and
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TABLE B.3

CONSTANT SPECTRAL ENERGY DENSITY APPROXIMATION. TOTAL BAND
VARIANCES OF THE PREDICTED DIRECTIONAL WAVE SPECTRA OF THE SDS
AT 4 METER DEPTH (WST MODEL) FOR GRID STEP SIZES OF 1 , 3 AND
6 METER.

FREQ
(Hz)

VARIANCES (Cffl 2 )

1 METER 3 METER 6 METER

.06 25257 25274 25298

.07 3157 3158 3160

.10 2713 2716 2715

.12 3911 3911 3894

.14 1217 1214 1211

.16 1010 1005 1006

.18 918 898 889

refraction are only dependent on the bathymetric conditions

adopted, and can lead to significant errors in the energy

content and in the direction of the spectral components. The

definition of the collision range (Section (IV. C. 3 .a. 2) ) is

based on the local depth and determines the interaction

distance of coupled components, an important factor in the

amount of nonlinearly transferred energy.

The present study considered the actual bathymetry

approximated by a linear least squares fit of the tide-reduced

soundings (FGE90) (Figure (4.28)). To study the dependence of

the model results on the bathymetry adopted, variations of the

basic linear least squares approximation was considered.

93



These alternative conditions correspond to accounting for the

different spacing between the bathymetrics (Figure (4.4)), and

to rotations of the beach normal.

The interest in including different spacing between

bathymetrics is to estimate the amount of energy transferred

as a function of the interaction distance of nonlinearly

coupled components. To simulate the different spacing between

the bathymetrics of the experimental site, seven

discretization lines were considered. The distances between

two consecutive intersecting points of the discretization

lines with the bathymetrics was calculated, and their average

was taken as representative of the actual spacing. The

resulting bathymetry (BT2) (Figure (B.13)), closely follows

the linear least squares fit of FGE90 (BT1) . In fact, as can

be concluded from the variances band listed in Table (B.4),

the linear evolution of SDS using this alternative bathymetry

(BT2) and the originally adopted bathymetry (BT1) are similar.

The most evident difference in the nonlinear simulation for

the alternative bathymetry (BT2) relative to the original

results (BT1) is the increased energy at .18 Hz (Table (B.4)).

This variation is a consequence of the increased interaction

distance for the pair (.06, .12 Hz) (35 meter for (BT2) and 25

meter for (BT1) ) . For the other frequency bands there are no

significant changes in the interaction distance. Directional

spectra of the selected frequency bands for the (BT2)

conditions (not shown) are not different from the directional
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spectra obtained with FGE90 linear least squares fit of the

bathymetry, except for the increase of energy at .18 Hz.

To simulate an error in the orientation of the beach

normal, the directional spectra of all frequency bands of SDS

(.05 to .19 Hz) were rotated 4 degrees to the south, that is,

the zero of the original spectra is assigned to -4 degrees.

The spatial dependence of the depth is maintained as defined

in FGE90. The bathymetric conditions (BT3) with a different

direction of the beach normal provides insight into refractive

effects on the nonlinear evolution of the SDS. The different

relative directions of the spectral components can change the

pairs of interacting components, and lead either to a decrease

or to an increase of the transfer of energy. The total band

variances for the (BT3) nonlinear simulation (Table (B.4))

show that the model results are not sensitive to the changes

introduced. A small reduction of the total band variances can

be observed. It is noted that the working range of the

directions extends from -35 to +4 degrees, and that the

rotation of the wave field 4 degrees to south suppresses the

energy in the original bins from -35 to -32 degrees. This

artificial reduction of energy affects all bands of

frequencies except .16 Hz. The consequences of the rotation

of the beach normal are more evident in the directional

spectra of the selected frequencies (Figure (B.14)). It can

be observed, that the peaks of energy have a different

orientation (maximum differences of 2 degrees) , and also small
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changes in the energy levels (increases at the peaks of .12,

.16 and .18 Hz). It is noted that the directions of the (BT3)

simulations (rotated beach normal) in Figure (B.14) are

referenced to the original beach normal of FGE90. The small

changes in the energy levels are a consequence of different

couplings relatively to the original simulation ((BT1)

bathymetry) , imposed by different refraction of the spectral

components.

TABLE B.4

BATHYMETRY EFFECTS. TOTAL BAND VARIANCES OF THE PREDICTED
DIRECTIONAL WAVE SPECTRA OF THE SDS AT 4 METER DEPTH (WST
MODEL LINEAR AND NONLINEAR) FOR THE PLANAR BATHYMETRY OF FGE90
(Bl) , FOR THE BATHYMETRY WITH VARIABLE SPACING BETWEEN THE
BATHYMETRICS (B2), AND FOR A REORIENTED BEACH NORMAL (B3)

.

FREQ(Hz)
VARIANCES (cm2 )

NONLINEAR LINEAR

(BT1) (BT2) (BT3) (BT1) (BT2) (BT3)

.06 25257 25085 25053 27902 27905 27685

.07 3157 3137 3102 3477 3478 3419

.10 2713 2687 2695 3086 3087 3069

.12 3911 3913 3858 2023 2023 1978

.14 1217 1234 1205 895 895 885

.16 1010 1038 1012 535 535 537

.18 918 1054 911 422 422 417
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The results obtained with the two alternative

bathymetries, with changed spacing between the bathymetries

(BT2) and with a reoriented beach normal (BT3) , show that the

WST model results are more sensitive to variations in the

interaction distance of coupled spectral components than to

changes in the refraction effects, a conclusion at least valid

for this study. However, for experimental conditions

involving wave spectra with increased peakedness, the

refractive effects would be of increased importance.
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Figure B.l The Propagation of Nonoverlapping Directional
Wave Spectra (Plot (4a) for .06 Hz (Chaindash
Line) and .10 Hz (Dash Line)) Under the Effects
of Linear Refraction Can Lead to Unexpected
Transfers of Energy by Collinear Triad Interactions.
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Figure B.2 Nonlinear Transfer of Energy by Collinear Triad
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Figure B.9 The WST Model Predicted Nonlinear Evolution at 4

Meter Depth of the SDS (Chaindash Line) and of
the Data Set Made Up by Adding to the Digitized
Form of the Seven Selected Frequencies of FGE90
the Interpolated Frequencies .05 and .09 Hz (Dot
Line) Have a Significant Difference at .14 Hz.
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Figure B.10 Shown are the WST Model Predictions of the
Nonlinear Evolutions of the Data Set Constituted
Only by the Digitized Selected Frequencies of
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Figure B.ll Shifting the Interpolated Frequency Band of .08
Hz in the SDS 4 Degrees to the South, and Using
the Resulting Data Set to Initialize the WST
Nonlinear Model, the Predicted Nonlinear
Evolution of .14 Hz Directional (Chaindash Line)
is Significantly Different from the Evolution
Obtained with the SDS.
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